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Predual Spaces of Banach Completions of 
Orlicz-Hardy Spaces Associated with Operators 

Renjin Jiang and Dachun Yang * 



Abstract. Let L be a linear operator in L^(M") and generate an analytic semigroup 
{e~*^}i>o with kernels satisfying an upper bound of Poisson type, whose decay is mea- 
sured by 0{L) e (0,00]. Let w on (0, c») be of upper type 1 and of critical lower type 
Po{uj) € {n/{n + e{L)),l] and p(t) = t'^ / uj'^ {t'^) for t e (0,oo). In this paper, the 
authors first introduce the VMO-type space VMOp,L(IR") and the tent space T^^(]R"+^) 
and characterize the space VMOp,L(K") via the space T;^,,{W]^'^) . Let TL(1R![+^) be the 
Banach completion of the tent space Ttj(R!['''^). The authors then prove that T^{R\+^) 
is the dual space of T^^iW^^). As an application of this, the authors finally show 
that the dual space of VMOp^^* (M") is the space B^x(W^)i where L* denotes the ad- 
joint operator of L in L^(R") and B^^l{W^) the Banach completion of the Orlicz-Hardy 
space Hu),l{^"')- These results generalize the known recent results by particularly taking 
uj{t) = < for i e (0,00). 



1 Introduction 

The space VMO(M") (the space of functions with vanishing mean oscillation) was first 
studied by Sarason [26]. Coifman and Weiss [7] introduced the space CMO(M") which 
is defined to be the closure in the BMO norm of the space of continuous functions with 
compact support, and moreover, proved that the space CMO(M") is the predual of the 
Hardy space //-"^(M"). When p < 1, Janson [21] introduced the space A„(i/p_i)(M") which 
is defined to be the closure of the space of Schwartz functions in the norm of the Lipschitz 
space A„(i/p_i)(R"), and proved that (A„(i/p_i)(M"))* = SP(M"), where ^^(M") is the 
Banach completion of the Hardy space H'P{W^); see also [25, 28] for more properties about 
the space A„(i/p_i)(M"). 

In recent years, the study of function spaces associated with operators has inspired great 
interests; see, for example, [1, 2, 3, 11, 12, 15, 16, 17, 20, 29, 30] and their references. Let L 
be a linear operator in L^(M"') and generate an analytic semigroup {e~*^}f>o with kernels 
satisfying an upper bound of Poisson type, whose decay is measured by 9[L) E (0,oo]. 
Auscher, Duong and Mcintosh [1] introduced the Hardy space //|^(M") by using the Lusin- 
area function and established its molecular characterization. Duong and Yan [16, 18], 
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and Duong, Xiao and Yan [15] introduced and studied some BMO spaces and Morrey- 
Campanato spaces associated with operators. Duong and Yan [17] further proved that the 
dual space of the Hardy space Hj^(W^) is the space BMOi*(M") introduced in [16], where 
L* denotes the adjoint operator of L in L^(M"). Yan [30] generahzed all these results to 
the Hardy spaces H^{M."') with p G (n/(n + 6{L)),1] and their dual spaces. Moreover, 
recently, Deng, Duong et al in [11] introduced the space VMOi:,(R"') and proved that 
(VMOl.(M"))* = 

On the other hand, the Orlicz-Hardy space was studied by Janson [21] and Viviani [27]. 
Let Lo on (0, oo) be of upper type 1 and of critical lower type po{^) £ (n/(n + 0{L)), 1] and 
p{t) = t^^ /uj^^{t^^) for t G (0, oo). The Orlicz-Hardy space H^^lCM.'^) and its dual space 
BMOp^L*(M") associated with the aforementioned operator L and its dual operator L* in 
L2(M"j were introduced in [22]. If a;(t) = for all t € (0,oo), then i?<^,L(M") = Hl{W) 
and BMOp^L* (M"^) becomes BMOl*(M'*) when p = 1 or the Morrey-Campanato space (see 
[18]) when p < 1. The main purpose of this paper is to study the predual space of the 
Banach completion of the Orlicz-Hardy space i?(^^i(R"). 

In fact, in this paper, we first introduce the VMO-type space VMOp^L(M") and the 
tent space T^^{R1^^) and characterize the space VMOp,L(M") via the space T^^{M.l+^). 
Let rt^(M"+^) be the Banach completion of the tent space rt^(R"+^). We then prove that 
T(^(M"'^^) is the dual space of T^^{R'^^). As an application of this, we finally show that 
the dual space of VMOp^L*(M") is the space Bi^^L{W^), where L* denotes the adjoint 
operator of L in L^(M") and B^^l{W^) the Banach completion of the Orlicz-Hardy space 
Hu},l(^"')- In particular, if p G (0,1] and cj{t) = for all t G (0,oo), we obtain the 
predual space of the Banach completion of the Hardy space i?£(R") in [30], and if p = 1, 
we re-obtain that (VMO^* (M"))* = Hj^{W^), which is the main result in [11]. Moreover, 
we prove that if L = A, p G (0, 1] and uj{t) = tP for all t G (0, oo), the space VMOp,L(]R") 
coincides with the space Ajj(i/p_i)(M") in [21] (see also [25, 28]), where A = —Y17=i 
is the Laplace operator on R". 

Precisely, this paper is organized as follows. In Section 2, we recall some known def- 
initions and notation concerning aforementioned operators, Orlicz functions, the Orlicz- 
Hardy spaces and BMO spaces associated with these operators and describe some basic 
assumptions on the operator L and the Orlicz function uj considered in this paper. We re- 
mark that there exist many operators satisfying these assumptions (see [11, 15, 17, 30, 22] 
for examples of such operators). Also, if p G (0,1], then uj{t) = for all t G (0, oo) is 
a typical example of Orlicz functions satisfying our assumptions; see [22] for some other 
examples. 

In Section 3, we introduce the spaces VMOp,i:,(R") and r^^^(R"'*"^) and give some basic 
properties of these spaces. In particular, we characterize the space VMOp^L(R"') via the 
space r^^(R!;:+i); see Theorem 3.2 below. As an application of Theorem 3.2 together 
with a characterization of the space )^n(i/p-i){^"') in [28], we obtain that when L = A, 
p G (0, 1] and oo{t) = for all t G (0, oo), the space VMOp,L(R"') coincides with the space 
A„(i/p_i)(R"); see Corollary 3.1 below. 

In Section 4, we introduce the space Ti^{MJ^^), which is defined to be the Banach 
completion of the tent space Ti^{W^^) (see Definition 4.1 below), and prove that Ti^{MJ^^) 
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is the dual space of T^^(M^+^); see Theorem 4.2 below. If p G (0, 1] and oj{t) = tP for all 
t G (0, oo), then the tent space r^(M'^+i) = T^(Rl+^) and its predual space was proved 
to be the corresponding space T^^{MJ^^) by Wang in [28], which when p = 1 plays a key 

role in [11]. To prove that f^{Rl+^) is the dual space of rjJ^^(M"+^), different from the 
approach used in [7] and [28] which strongly depends on an unfamiliar result (Exercise 
41 on [13, p. 439]) from the functional analysis, we only use the basic fact that the dual 
space of is itself. Indeed, using this fact, for any £ G (r^^^(R"'*"''^))*, we construct 

g e T^iRl^^) such that for all / G r~^(M!^+^), 

^(/)= / ^Jix,t)g{x,t)^; 

see Theorem 4.2 below. As an application of Theorem 4.2, we further prove that the dual 
space of the space VMOp,L*(M") is the space S^;^l(R"), where the space Bu^l{M.^) is the 
Banach completion of Hi^^L(W^); see Definition 4.3 and Theorem 4.4 below. Since all dual 
spaces are complete, it is necessary here to replace the Orlicz-Hardy space by its Banach 
completion, which is different from [11]. In [11], the Banach completion of the Hardy space 
iy^(M") is just itself. Finally, in Subsection 4.3, we give several examples of operators to 
which the results of this paper are applicable. 

Let us make some conventions. Throughout the paper, we denote by C a positive 
constant which is independent of the main parameters, but it may vary from line to line. 
The symbol X < Y means that there exists a positive constant C such that X < CY; 
the symbol [aj for a G M denotes the maximal integer no more than a\ B = B{zb, tb) 
denotes an open ball with center zb and radius vb and CB{zb, tb) = B(zb, Cvb)- Set 
N = {1, 2, • • • } and Z+ = NU {0}. For any subset E of M", we denote by the set M" \ E. 

2 Preliminaries 

In this section, we first describe some basic assumptions on the operators L and Orlicz 
functions studied in this paper (see, for example, [14, 23, 21, 27, 15, 16, 17, 11, 22]), and 
we then recall some notions about the Orlicz-Hardy space Hu^l{W^) and the BMO-type 
space BMOp,L(R") in [22]. 

2.1 Two assumptions on the operator L 

Let u G (0,7r), 5;^ = {z G C : | arg(z)| < i^} U {0} and the interior of S^, where 
arg(z) G (— vr, vr] is the argument of z. Assume that L is a linear operator such that 
cr{L) C S*!/, where cr{L) denotes the spectra of L and v G (0,7r/2), and that for all 7 > z^, 
there exists a positive constant Cj such that 

||(L - AI)~-^||i2(Rn)_>i2(Kn) < C^IAI"-"-, V A ^ 5^, 

where and in what follows, for any two normed linear spaces ^ and and any bounded 
linear operator T from ^ to we use \\T\\^^g^ to denote the operator norm of T from 
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^ to ^ and S,{^, ^) the set of all bounded linear operators from ^ to Hence L 
generates a holomorphic semigroup e~^^, where < | arg(2;)| < ^ — i/ (see [23]). We make 
the following two assumptions on L (see [17, 15, 11, 30, 22]). 

Assumption (a). Assume that for all t > 0, the distribution kernels pt of e~*^ belong to 
L°°(M" X M") and satisfy the estimate \pt{x,y)\ < ht{x,y) for all x, y e W^, where ht is 
given by 



(2.1) ht{x, y) = r^g 



\x - y\ 

tin 



in which m is a positive constant and ^ is a positive, bounded, decreasing function satis- 
fying that 



(2.2) lim r"+"5(r) = 

1 — ^oo 

for some e > 0. □ 
Let H{S^) be the space of all holomorphic functions on and 

H^{S^^) = \be H{S^^) : ||6||oo = sup \b{z)\ < oo I . 

Recall that the operator L is said to have a bounded ifoo-calculus in L^(M") (see [23]) 
provided that for all 7 G {v, vr), there exists a positive constant such that for all b G 
HooiS^), b{L) e £(L2(M^), L\W')) and ||6(L)||i2(Kn)^^2(K„) < CJb\\^, where V'(^) = 
z{l + z)-2 for ah z£ and b{L) = ['i}j{L)]-^{bi>){L). It was proved in [23] that b{L) is a 
well-defined linear operator in L^(M"). 

Assumption (b). Assume that the operator L is one-to-one, has dense range in L^(R") 
and a bounded i/oo-calculus in L^(M"). □ 

From the assumptions (a) and (b), it is easy to deduce the following useful estimates. 

First, if {e~*^}t>o is a bounded analytic semigroup in L^(M") whose kernels {pt}t>o 
satisfy the estimates (2.1) and (2.2), then for any A; G N, there exists a positive constant 
C such that the time derivatives of pt satisfy that 



(2.3) 



^i,d^pt{x,y) 



C (\x 



,_ _ , j_ 



for all i > and almost everywhere x, y G M". It should be pointed out that for any G N, 
the function g may depend on k but it always satisfies (2.2); see Theorem 6.17 of [24] and 
[8], and also [17, 15, 11, 30, 22]. 
Secondly, let 

*(5°) = |v G H{Sl) : 3s, C> such that Vz G 5°, \ip{z)\ < C|z|*(l + |zp^)-i|. 
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It is well known that L has a bounded i^oo-calculus in L^(M") if and only if for all 7 G (i^, tt] 
and any non-zero function ■0 £ ^(5'°), L satisfies the square function estimate and its 
reverse, namely, there exists a positive constant C such that for all / G L^(M"), 

(2.4) C-^/IIlW^^ \\ML)f\\h^^n^Y) 

where V't(0 = V'(^0 for all t > and ^ G M". Notice that different choices of 7 > and 
'0 G ^(5'!^) lead to equivalent quadratic norms of /; sec [23] for the details. 

As noticed in [23], positive self-adjoint operators satisfy the quadratic estimate (2.4). 
So do normal operators with spectra in a sector, and maximal accretive operators. For 
definitions of these classes of operators, we refer the reader to [31]. 

2.2 An acting class of the semigroup {e~^^}t>o 

Duong and Yan [16] introduced the class of functions that the operators e^*^ act upon. 
Precisely, for any /3 > 0, let A^^(M") be the collection of all functions / G L^^^ (M") such 
that 

12 \ 1/2 



M/3(»") = ( / T 



Then M^(W^) is a Banach space under the norm 1 1 • 1 1 r^n \ . For any given operator L, 
set 

(2.5) e{L) = sup{e > : (2.2) holds} 
and define 

f ^OiL)i^n if 0{L)< 00; 

•^(^) = i U Msi^n if e(L) = oo. 

[0</3<oo 

Let s G Z+. For any {x, t) G M!f:+^ = M" x (0, 00) and / G M{W), set 

(2.6) P^^,f(x) = fix)-{I-e-''^r+'f{x) and Qs,tf{x) = f'-'L'+'e-''^f{x). 
If s = 0, write 

(2.7) Ptf{x) = Po,tf(.x) = e-'''f{x) and Qtf{x) = Qo,tf{x) = tLe'''^f{x). 

For any / G A^(M"), by (2.3), it is easy to show that Pg^tf and Qs,tf Sire well defined. 
Moreover, by (2.3) again, we know that the kernels Ps,t and qg^t of Ps,t of Qs,t satisfy that 
for alH > and x,yeW, 

(2.8) \PsM^^y)\ + \<ls,tm{x,y)\ < , 

where the function g satisfies the condition (2.2) and Cg is a positive constant independent 
of t, X and y. 

It should be pointed out that these operators in (2.6) were introduced by Blunck and 
Kunstmann [5]. 
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2.3 Orlicz functions 

Let w be a positive function defined on M_|_ = (0, oo). The function u is said to be of 
upper type p (resp. lower type p) for some p G [0, oo), if there exists a positive constant 
C such that for alH > 1 (resp. < i < 1), 



(2.9) u{st) < CtPuj{s). 

Obviously, if oj is of lower type p for some p > 0, then limi^Q+ uj{t) = 0. So for the sake 
of convenience, if it is necessary, we may assume that a;(0) = 0. If a; is of both upper type 
pi and lower type po, then uj is said to be of type (po, pi). Let 



pi{uj) = mi{p > : (2.9) holds for all t G (1, oo)}, 

and 

po{oj) = snp{p > : (2.9) holds for all t G (0, 1)}. 

It is easy to see that po{to) < pi{u}) for all uj. In what follows, Po{lo) and pi{co) are called the 
critical lower type index and the critical upper type index of lo, respectively. Throughout 
the whole paper, we always assume that co satisfies the following assumption. 



Assumption (c). Suppose that the positive Orlicz function oj on M_|_ is continuous, 
strictly increasing, subadditive, of upper type 1 and po{uj) G ( n+e(L) ' ' where 6{L) is 
as in (2.5). □ 

Notice that for any u of type {po,Pi), if we set oj{t) = Jq ds for t G [0, oo), then by 
[27, Proposition 3.1], uj is equivalent to uj, namely, there exists a positive constant C such 
that C~^uj(t) < uj(t) < Cuj{t) for all t G [0, oo), and moreover, u is strictly increasing, 
subadditive and continuous function of type {pq, pi). Since all our results in this paper are 
invariant on equivalent functions, we may always assume that uj satisfies the assumption 
(c); otherwise, we may replace w by a;. 

We also make the following convention. 



Convention. From the assumption (c), it follows that ^^^^^ < Po{i^) < Pi{^) < 1- In 
what follows, if (2.9) holds for pi{uj) with t G (l,oo), then we choose pi{uj) = pi{uj); 
otherwise pi(uj) < 1 and we choose pi{uj) G {pi(uj),l). Similarly, if (2.9) holds for po{^^) 
with t G (0, 1), then we choose po{uj) = po{(^)', otherwise we choose po{(^) G { n+e(L) ^Po{^)) 
such that L^(^ - 1)J = L^(^ - 1)J, where m is as in (2.1). ^ □ 

Let uj satisfy the assumption (c). A measurable function / on R" is said to be in the 
Lebesgue type space L{uj) if uj{\f{x)\) dx < oo. Moreover, for any / G L{uj), define 
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Let u satisfy the assumption (c). Define the function p{t) on R+ by setting, for all 
t G (0,oo), 

(2.10) Pit) ^ 

where oj~^ is the inverse function of cj. Then by Proposition 2.1 in [22], p is of type 
{l/pi{uj) — 1, l/po{oj) — 1), which is denoted by {Po{p), Pi{p)) in what follows for short. 



2.4 The Orlicz-Hardy space i7^j i(M") and its dual space 

For any function / G L^(M"), the Lusin area function associated with the oper- 

ator L is defined by setting, for all x gM."-, 

\ 1/2 

dy dt \ 



where Qt^ is as in (2.7). Prom the assumption (b) together with (2.4), it is easy to deduce 
that the Lusin area function Sl is bounded on L^(M"). Auscher, Duong and Mcintosh 
[1] proved that for any p G (l,oo), there exists a positive constant Cp such that for all 



(2.11) C-'\\f\\ 

see also Duong and Mcintosh [14] and Yan [29]. By duality, the operator Sl* also satisfies 
the estimate (2.11), where L* is the adjoint operator of L in L'^{W^). 

Recall that the Orficz-Hardy space H^^lO^'') and the BMO-type space BMOp,L(M'*) 
were introduced in [22]. 

Definition 2.1. Let L satisfy the assumptions (a) and (b) and io satisfy the assumption 
(c). A function f G L^(M") is said to be in Hi^^l(W'') if Si^f) G L(uj), and moreover, 
define 

i/...(Mn) ^ I|5l(/)||lH = > ° ^ (^^^^) < l} ■ 

The Orlicz-Hardy space ifa;^L(M") associated with the operator L is defined to be the com- 
pletion of H^^l{W^) in the norm \\ ■ i,(K")- 

Definition 2.2. Let L satisfy the assumptions (a) and (b), lo satisfy the assumption (c), 
in BMO^;^(M") if 



p be as in (2.10), q G [l,oo) and s > [^islZJ) " 1)J- ^ function f G X(M") is said to be 



1 



where the supremum is taken over all balls B of M" 



4 / i/(x)-p,,(,,)^/(x)rdx 



1/9 



< OO, 
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Remark 2.1. (i) LetpG (0,1], q G [l,oo) and s > L^(^-1)J- If'^W =tforalH G (0,oo), 



then = Hl{W) and BMO^;^(M") = BMOl(M"), where Hl{M.'') and BMOl(M") 

were introduced by Duong and Yan [16, 17], respectively. If p G {n/{n + 0(L)), 1) and 
uj{t) =tPforallt G (0, oo), then i/^,L(M") = i/£(R") and BMO^;^(M") = £.L{l/p-l,q, s), 
where if£(M") and 2l{^/p — 1, Q, s) were introduced by Yan [30] and Duong and Yan [18], 
respectively. 

(n) For q G [l,oo) and s > sq = L^(^oM " 1)J' t^e spaces BMO^;^(R") coincide with 
BMO^'^°(M"^); see Corollary 3.1 and Remark 4.4 of [22]. Hence, in what follows, we denote 
the space BMO^;^(M") simply by BMOp,L(IR")- 

(iii) It was proved in [22] that the dual space of i/t^,L(M") is the space BMOp^L* (I^"), 
where L* denotes the adjoint operator of L in L^(M"). 

3 VMOp,L(M")-type spaces 

Suppose that the assumptions (a), (b) and (c) hold. In this section, we study the 
spaces of functions with vanishing mean oscillation associated with operators and Orlicz 
functions. We begin with some notions and notation. 

Definition 3.1. Let L satisfy the assumptions (a) and (b), cj satisfy the assumption (c), 
p he as in (2.10) and s > [^{i^^ ~ 1)J- ^ function f G BMOp,L(R") is said to be in 
VMOp^^(M"), if it satisfies the limiting conditions 7i(/) = 72(/) = 73(/) = 0, where 



and 



^3(/)=l™, sup (T^u^r^Tv^ I \S{x)-Ps,irs)rnf{x)\^dx 



1/2 



ballSc[-B(0,c)] 

For any function f G VMO^^i(]R"), we define ||/||vMO^_j,(R") = IIJ llBMOp,i(R")- 

Wc next present some properties of the space VMO^ ^(M"'). To this end, we first recall 
some notions of tent spaces; see [6, 19, 22]. 

Let r(x) = {{y,t) G MJ^^ : \x — y\ < t} denote the standard cone (of aperture 1) with 
vertex x G M". For any closed set F of M^, denote by TZF the union of all cones with 
vertices in F, namely, TZF = U^gi?r(a;); and for any open set O in M", denote the tent 
over O by 6, which is defined by 6 = [JZ{0^)]^. 

For all measurable functions g on R""^^ and all x G M", define 



A{g){x)^( f \g{y,t)\ 



\ 1/2 

dy dt \ 
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and 

Cpi9){x)^ sup -A|T ( ^ 

hsXlBBx P[\^\) Jb 



dydt^ 



For p G (0,00), the tent space r2(M""^"^) is defined to be the set of ah measurable 
functions g on MJ^^ such that = ||-4(9')||lp(K") < 00. The tent space Tt^(M"'^"^) 

associated to the function uj is defined to be the set of all measurable functions g on MJ^^ 
such that A{g) G L{uj), and its norm is given by 



the space T^{W^^) is defined to be the set of all measurable functions g on MJ^^ such 

that ||5'lli;oo(iR'^+i) = \\Cpig)\\L°°{R") < oo- 

In what follows, let T^q{RI+^) be the set of all / G r~(M!;+^) satisfying 771 (/) = 
m{f) = Vsif) = 0, where 



(3.1) m(/)-lim sup T^f^ 

,2(/)-Jim sup -7^(4T/j/(y,^)P^ 



1/2 



1/2 



and 



1/2 



r?3(/)^ hm sup ^ L\fiy,t)\'^] 

It is easy to see that T^o(M!|:+^) is a closed linear subspace of r~(R!|i+^). 

Further, denote by r~i(R'^+^) the space of all / G r~(R!f.+i) with r/i(/) = 0, and 
T^^{W^~^^) the space of all / G T^{Wl^^) with compact support. Obviously, we have 
Tl^{M.l+^) c r^o(M![+^) C T^^{Rl+^). Similarly, let r^^(M![+^) denote the set of all 
/ G r^(R++^) with compact support. It is easy to see that T^c(M!f:+^) coincides with 
Tl^{Rl+^). Define T^^{Rl+^) to be the closure of T^^(M!;:+^) in T^^(Rl+^). 

Similarly to the proof of Lemma 3.2 in [11], we have the following proposition. We 
omit the details. 

Proposition 3.1. Let r~^(]R^+^) and r~o(M!f.+^) be defined as above. Then T^^{R1+^) 
and T^q(R^^) coincide with equivalent norms. 

Recall that a measure d/i on Rl+^ is said to be a p-Carleson measure if 
where the supremum is taken over all balls B of M"; see [19, 22]. 
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Let m be the constant in (2.1), s > si > Lm(^^ ~ ■'^)J' where po(^) is the critical 
lower type index of lo. Let Cjn,s,si be a positive constant such that 

(3.2) Cm,s,s. /°°i™(^+^)e-^*'"(l - e-*'")-+^^ = 1. 

Jo 5 

The following Lemma 3.1 and Theorem 3.1 were established in [22]. 

Lemma 3.1. Let L, oj and p he as in Definition 3.1, and s> s\> [^( -^^^^ — 1)J . Suppose 

that f G 7W(M"') such that |Qs,t™ {^~Psi,t'^)f{x)\'^ dx dt/t is a p-Carleson measure on W]^^ 
and g G H^,, l* (M") n (M") .' Then 

r r dxdt 

/ f{x)g{x) dx = Cm,s,si / Qs,t^{I - Psuv^)fix)Qtmg{x) ——. 

7m^+i t 

Theorem 3.1. Let L, oj and p be as in Definition 3.1, and s > si > — 1)J • Then 

the following conditions are equivalent: 

(a) / G BMOp,L(M"); 

(b) f G A1(R") and \Qs,f^{I — Psi,f^)fix)\'^ dxdt/t is a p-Carleson measure on W]^^ . 
Moreover, \\Qs,tr^{I - Ps',,t^)f\\T^(^^n+i^ is equivalent to ||/||BMOp,i(M")- 

We now establish a characterization of the space VMO^ ^(M") via the space (M""*"^) 
by borrowing some ideas from [11]. We remark that if uj(t) = t for all t G (0, oo), then 
Theorem 3.2 coincides with Proposition 3.3 in [11]. 

Theorem 3.2. Let L, uj and p he as in Definition 3.1, si > sq > Lm(^|tJ) ~ 
s > 2si. Then the following conditions are equivalent: 

ra;/GVMo;;'jM"); 

(h) f G M(Rn and Qs,t^{I - ^2.1,*-)/ G T^^iK^')- 

Proof. We first notice that by the assumption (c), there exists e G {n(3i{p),9{L)). Recall 
that Pi{p) = l/po{oj) — 1 and Po{oj) is as in the convention. To see that (a) implies (b), 
by the fact VMO^°^(]R") C BMOp^LiW") together with Theorem 3.1, we only need to 
verify Qs,t^{I - P2si,t^)f G ^tS^v(^+^^)- To this end, we need to show that for ah balls 
B = B{xB,rB), 

^^■^^ p(|i?|)|ij|i/2 ( Is - P^s,,tm)f{x)\'^^ < Y: 2-'^S,if, B), 

where e G {nPi{p),9{L)) and 

Sk{f,P)= sup J' ( I \f{x) - Pso,(rB,)mf{x)\'^ dx\ . 

In fact, since / G VMO^';^(M'^) C BMO^,i(M"), we have 6k{f,B) < ||/||BMO,,i(R")- More- 
over, for each A; G N, we have 

lim sup Sk{f,B) = lim sup Sk{f,B)= lim sup Sk{f,B) = 0. 
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Then by (3.3) and the dominated convergence theorem for series, we have 

(3.4) miQsMi - P2sr,trr^)f) 

= lim sup — — — — — 7TT I / \Qs t"^il — P2S-1 t"^)fix 
00 

<V2-*^Mim sup Sk{f,B) = 0; 



2 dxdt^ 



k=l 



thus, r]iiQs,t"'{I - P2si,t^)f) = 0. Similarly, we have r]2{Qs,t"^{I - P2si,t^)f) = = 
m{Qs,v^{I - P2si,t"^)f), which implies that Qs,t"^{I - P2si,t"^)f € T^v{^+^^), and hence, 
(a) implies (b). 

Let us now prove (3.3). Notice that 



^ p(|g|)|^|V2 Jg l<5s.t'"(^ - P2s,,tr-)Pso, (r-2B)-/ Wl 



t J 



= 1 + J. 



Set Ui{B) = 2B and Uk{B) = 2^B\2''-^B when k > 2. For A: € N, let hk = [(/ - 
Pso,{r2B)"')f]XUk{B)- Thus, for I, we have 

When = 1, by (2.4), we have 

When A; > 2, notice that for any x G 5 and y G {2^Bf, \x-y\> 2^rB. Thus, by (2.3), 
we obtain 

f{2\B)-^-' I \{I-Ps,,^r,s)-)f{y)\dy. 
J2^B 



< 



To estimate the last term, by the argument in [12, pp. 645-646], we have that for any ball 
B{xb, 2^rB) with k >2, there exists a collection {-B^. 1, 5^,2, • • • , Bk^N^} of balls such that 
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each ball B^ i is of radius r2B, B{xb, ^'^vb) C U^j^B^ j and N^. < 2"*^. Prom this facts and 
the Holder inequality, it follows that 

1=1 



<[!-] 2-^^p{\B\)6kU,B), 



which yields 

1/2 



(3.6) Ife < ^ (^l^t''-'dxd?j 2-'^^{rBrSk{f,B) < 2-^^5k{f,B). 

Combining (3.5) and (3.6), we obtain I < Efcli 2"'''4(/, -B). 
To estimate the term J, write t2B = (?'2b)"* and 

I — -P2si,t'" 

= (/ _ e-'^BL ^ ^-t^BL _ g-t-L)2.H-l 

= ( X]^2si+l(-l)''e"''* ^{I - P2si-S0-k-U2B)iI ~ Pk-U2B-t'^)](I ~ PsoMb) 

+ ( E ^t..+i(-l)'e-^*™^(/ - P2.,-m.b)U - Pk-s,-2,t2B-t-)) {I - Ps.MB-t-) 

^fc=Sl+l ^ 
= *l(L)(7 - P,„,t,J + ^2{m - Pso,t2B-trn), 

where t € {0,rB) and Cls^.!.! denotes the combinatorial number. Further, by (2.8), we see 
that kt^rBi the kernel of Qs,t"'Pso,{r2B)"'^i(-^)i satisfies that for all x, y e M", 



\kt,rB{x,y)\ < (^^^ 



, \ m(6-+l) / \f 

t \ (rB) 



{rs + \x-y\)^+^' 

By this and some computation similar to the estimate for 1^, we obtain that for all x G 5, 

\Qs, 

oo 

t 

k=l 

Similarly, we have that for all a:; G 5, 

(, \ m(s+l) oo 
— E2~'V(|S|)5ik(/,S)- 
k=l 



fe=i 

m(s+l) oo 

<'-) i;2-'^v(ii?i)'5fc(/,i?)- 
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The above two estimates yield 
1 



J< 



5|V2 [Jg \rB) 



oo 



N 2m(s+l) , 1/2 oo 

^ J22-'^^6,{f,B)<J22-'^^6,{f,B). 

k=l 



k=l 



The estimates for I and J give (3.3). Thus (a) imphes (b). 

Conversely, if (b) holds, by Theorem 3.1, we see that / G BMOp,L(M"). Notice that 



1/2 



J B 



llfllli2(B)< 

Then by Lemma 3.1, we obtain 

J B 

= Cm,s,2si / ^Qs,t'^{I - P2si,t"^)f{x)Qlm{I - P* (j. y. 
< L \QsMl - P2s„tm)f{x)Qlm{I - P:,,^r,r)9{x) 

Jab 

oo 

= Ai+^Afc. 

k=2 

Then the Holder inequality and (2.4) yield 



dx dt 



dx dt 



k=2 



2k+iB\2^B 



Al < f L\Qs,trr^{I-P2s,,tm)f{ 

\J4B 

^ ( !\QsMl-P2sr,t^)f{x) 
\JAB 

When A; > 2, notice that 



dx dt 



dx dt 



1/2 



1/2 



LlQUP 

Jab 



so,(r-s)' 



dx dt 



1/2 



QUI - P:o,irs)-)9 = t^L*e-'"'^\l - e-^'^--rL'*yo+ig 



^t^^-" ^ so,irB) 



/■(rB)'- r( 

= 1 ■ ■ ■ I (^m + + . . . + ^^^^^y,+2Q*so+l,t-+r,+...+r,,^,9dr, ■ ■ ■ dr^.+L 

From (2.3), it is easy to deduce that gso+i,tm+riH— •+r-„o+i) the kernel of Q*(,+i^tm+ri+-+r-„o+i- 
satisfies that for all x, y G M", 



|9so+l,t'"+ri+-+r,g+i(a;,y)| 



(t"^ + n + • • • + r,„+i)^/"^ 
{t + \x-y\Y+^ 
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where e G (n/3i(p), 6'(L)). Since {x,t) G 2'=+iB\2'=S and y eB,we have |x-y| +i ~ 2'=rs. 
Moreover, notice that e > nPi{p), which impUes that e' = (e — n/3i(p))/2 > 0. By the 
arithmetic-geometric inequaUty and the Holder inequahty, we have that for ah {x,t) G 

\Q*tm{I - P:o,irsr)9{x)\ 



< 

'0 



Jo Jo Jb 



s + n + • • • + r,o+i)^o+2(t + \x- y\)^+^ 

x\9{y)\dy dri • ■ ■ (ir,„+i 

< ■■■ tm-m(l-e /m) . . . 1+;,^ . . . ^^^^^^ 



which implies that 

1/2 

/2'=+lB\2'=B 

From this together with the Holder inequality, it follows that 

1/2 

_ |Q,,,^(/-P2.,,t-)/(x)|2^ ] 



1 / /■ \ 1/2 oo 



Combine the estimates of Aj., we finally obtain that 

\ 1/2 

where 

Since Qs,f^{I - P2si,f^)f € T^y{W]^^), by Proposition 3.1, for each A; G N, we have 
lim sup (Tjfc(/,B) = lim sup (7fe(/,B)=lim sup ak{f,B) = 0. 

Then similarly to the proof of (3.4), we obtain that 7i(/) = 72(/) = 73(/) = Oj which 
implies that / G VMO^°^(M"). This finishes the proof of Theorem 3.2. □ 

Remark 3.1. Prom Theorem 3.2, it is easy to deduce that if s > sq > [^( ~^|^^ — 1)J , then 
VMO^\(M") = VMO^^^(M"). Hence, in what follows, we denote the space VMO^°^(M") 
simply by VMOp,L(M'*j. 
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Now, let L = A be the Laplacian operator on M", p G (0, 1] and uj{t) = for all 
t G (0, oo). It was proved in [22] that the space BMOp^L(]R") coincides with the space 
A„(i/p_i)(M'^). We now show that the space VMOp,L(]R"') and the space A„(i/p_i)(M") 
coincide. 

Recall that the space Xn(i/p-i)0^^) is defined to be the closure of <S(R") (the space of 

Schwartz functions) in the norm of the Lipschitz space A„(i/p_x)(M"); see [21, 25, 28]. Let 
ij e 5(M") and ij{x)x'' dx = for all e Z%, \u\ < [n(l/p-l)J and = 
for all X G M" and t G (0, oo). Wang [28] established the following characterization of the 
space A„(i/p_i)(M"). 

Theorem 3.3. Let p G (0, 1] and ifj be as above. A function / G A„(i/p_i)(M") if and only 
if f *'^t^ T^i^X^^) and 771 (/ * Vt) = 0; where 771(7 * ■^j) is defined as in (3.1). 

The following result is deduced from Theorems 3.2 and 3.3. 

Corollary 3.1. Let L = A, p e (0,1] and u}{t) = t^ for all t G (0, 00). Then the space 
VMOp^i:,(M") coincides with the space A„(i/p_i)(R"') with equivalent norms. 

Proof. Since L = A, we then have m = 2 and 9{L) = 00. Let si > [§(|-1)J, s > 2(si + l) 
and / G VMOp,L(M"). By Theorem 3.2, we have g,,i-(/ - P2s„t^)f e T^^i^^^) C 
T^{W^^), which together with Proposition 3.1 further implies that 

Tll{Qs,f^{I - P2si,t^)f) = 0. 

Moreover, if we let i G Z+ and V(, denote the set of all polynomials with degree no more 
than ^, then (/ - P2si,tr^){g) = for all g G V2sA^")- Thus, by Theorem 3.3, we have 
VMOp,i(M")cA„(i/p^i)(R"). 

Conversely, we first point out that it is easy to show that the space C^(M") (the 
space of all C°°(M") functions with compact support) is dense in \n{i/p-i)^^)- To prove 
An(i/p-i)(IK") C VMOp,l(M"), by the completeness of these spaces, it suffices to verify 
that C^{W) C VMOp,L(M"). Suppose that / G C^{W). Then / G A„(i/p_i)(M") = 
BMOp,l(M"). Thus, we only need to show that 7i(/) = 72(7) = 73(7) = 0. 

Since 6{L) = 00, we can take s > [n{- — 1)J and e G (s + l,oo). Then for any 
Ps G VsO^'') and any ball B = B{xB,rB) C M", we have 

/ \f{x)-P,^^rB^mf{x)\^dx= [ |(/-P,,(,^)^)(7-P.)(x)|2dx. 
JB JB 

For any x G M", write 

|i^|<S ' |i/|=s + l 

where for z/ = (j/i, • • • , z/„) G (Z+)'*, D'' = ■ ■ ■ {^f- and y^ = nx + {l- h)xb for 

certain /x G (0, 1). Let 

(3.7) P.w=^m(^2)(,_,,,^ 

\u\<s 
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By (2.8), e > s + 1 and / G C^{W), we have that 

[ \f{x)-P,{x)\'dx< [ \{x-XBr\'dx<{rBr+^+', 

\i/\=s+l 

and that for any x E B, 

\Ps,irs)m{f - Ps){x)\ 

<{rB)-'' ! \{f-Ps){y)\dy + Y,! J'^'t^J if-PMldy 

J2B j2k+iB\2kB {2^rBr^^ 

which, together the fact that s > [n(^ — 1)J, gives 
Thus7i(/) = 0. 

To see 72(7) = 0, using / G C^(R") and (2.8), we have that for any t > 0, 

l|-Ps,t"'/||L2(]Rn) < ||/||L2(]Rn). 

Thus 



^^(^)=i-l^^f;P>, |g|[p(|g|)]2 

Let us show that "fs{f) = 0. By 72(7) = 0, we know that for any P > 0, there exists 
i?o > such that if > Rq, then 



PiF Ib ~ Ps,{rs)"^f{x)\'' dx < p. 



\BM\ 

Thus, we only need to consider the case when G {0,Rq). Since / G C^(M"'), then 
there exists tq > such that supp / C 5(0, ro). Let fco G N such that 2-^°^^-^-'^^ < /3. 
Taking c > 2'=o(ro + Rq), we deduce that for any ball B C {B{0,cj)^ with < Rq, 
{2^°B) n B(0,ro) = 0. From this and (2.8), we deduce that for any ball B C {B{Q,c)f 
with tb G [1, Rq) and x e B, 

l^.,(..r/(x)l < ^^^^^^ 
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which imphes that 

|^|[^^|^|^]2 ^ - Ps,(r,)mf{x)\' dx<J^ |P,,(,,)^/(X)|2 dx < 2-2'=0(n+e) < ^. 

When B = B{xB,rB) C (5(0, c))^ withrs G (0,l),bye> s+1 and (2^oS)nS(0, ro) 
0, similarly to the proof of 7i(/) = with Pg as in (3.7), we have that for any x e B, 



oo 

< ^ 2"'=('*+^)(rB)~"(2VB)"+^+^ < 2~'=o(^~*~^)(rB)*+\ 
fe=fco+l 



which, together with s > [n{l/p — 1)J, gives 

1 r (j. \2s+n+2 

\B\[p{\B\)]^ Jb^^ ' ^^'('•s)"'-^^^^! ctx^^ |5|2/P-i 
Hence, for any ball B C {B{0,c))^, we have that 

\B\[pl\B\)]'^ Jb ^^^^^ ~ Ps,{rB)rnfix)\'^ dx < /3, 

which, together with the fact that /3 — t- induces c — t- oo, implies that 73(/) = 0. Thus, 
/ G VMOp,L(M"). Therefore, VMOp,L(K") = A„(i/p_i)(M"), which completes the proof of 
Corollary 3.1. □ 



Remark 3.2. If L = v A, similarly to the proof of Theorem 3.1, we then have that for 
p G (n/(n + 1), 1] and w{t) = for ah t G (0, oo), the space VMOp,L(IR") coincides with 
the space A„(i/p_i)(R"') with equivalent norms. We omit the details. 



4 Predual spaces of the spaces ^(R'^) 

In this section, we identify that the predual space of B^^l{W^) is VMOp,L*(M"), where 
Boj,l{'^"') is the Banach completion of the space H^^l{W^); see Definition 4.3 and Theorem 
4.4 below. 



4.1 Tent spaces 

We begin with some notions and known facts on tent spaces. 

Recall that a function a on R"+^ is called a Ta;(M"+^)-atom if 

(i) there exists a ball 5 C such that suppa C B; 

(u) Jg\a{x,t)\^^<\B\-'[p{\B\)]-\ 

The following theorem was established in [19]. 
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Theorem 4.1. Let lo satisfy the assumption (c). Then for any f e r^(R!f.+^), there exist 
a sequence {aj}j of Ti^{M.^^)-atoms and a sequence of numbers, {Xj}j C C, such that 

(4.1) f{x,t) = ^ Ajaj(a;,t) for a. e. {x, t) £ R^^^, 

j 

where the series converges pointwisely for almost every {x, t) G M""*"^. Moreover, there 
exists a positive constant C such that for all f G T^{WT^^), 



(4.2) A({A,a,},) = inf^ 



J \ 
where Bj appears as the support of aj . 

Definition 4.1. Letoo satisfy the assumption (c). The space Ttj(M"^^) is defined to he the 
set of all f = '}2j^jO'j, where the series converges in (r^(M"+^))*, {aj]j are T^{RJ^^)- 
atoms and {A,}, G If f G f^{Wl+^), then define 

i 

where the infimum is taken over all possible decompositions of f as above. 

By [20, Lemma 3.1], T^^ (M!|;'''^ ) is a Banach space. Moreover, we have the following 
lemma, which implies that T^{W];^^) is dense in f^{W^'^). Thus, in this sense, 2l,(M!^+^) 
is called the Banach completion of the space T^(M!^+^); see also [21, 25, 28]. 

Lemma 4.1. Let oj satisfy the assumption (c). Then there exists a positive constant C 
such that for all f G T^{W^^), f G tL(M++^) and 

ll/lliL(R!;:+i) - ^WfWr^i^'i+^y 

Proof. Let / G T^{W^^). By Theorem 4.1, there exists T^(]R![:+^)-atoms {a,}, and 
C C such that (4.1) and (4.2) hold. Furthermore, by the proof of Theorem 4.1 
in [19], we may choose aj such that ||aj||T2(]gn+i) = \Bj\~^/'^ p{\Bj\)~^ for each j, where 

suppoj C Bj-, see also [6]. 

For any L G N, set ai = X]|j|<i Since u) is of upper type 1, by this together with 
pit) = t~^ / L0~^ {t~^) , we obtain 

which implies that 

J2 |A,l<A({A,a,b)< 
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Letting L — >■ oo, we further obtain \Xj\ < ll/llr^^RK+i)- 

Since / G T^iR^'^^) and (T^(M!^+^))* = r^(M!^+^) (see [22]), we see that 

This fact can also be proved in the following direct way. Indeed, for all g G T^{W^^), as 
a corollary of the monotone convergence theorem and the Holder inequality, we have 



\fix,t)g{x,t)\ ^ 

n+l t 



dx dt 



^ X] l''^jlll'*illT|(R!^+i)ll5'^55llT|(R!;+i) 



t 

■.dt 



< \\9\ 



j 



< 



t^{m."+^)\\9\\t^{m.1+^) < 



which together with the Lebesgue dominated convergence theorem further implies that for 



all g G T~^™"+^ 



f[x,t)g{x,t) —— 



< 



That is, / G {T;f{M:'l ))* and ||/ ||(t-(r^+1))* ^ lu iir„ 
(r~(M^;:+^))*, its {T^{RI+^))* norm is defined by 



n+iy Recall that for any £ G 



IIs'IIt5°(m^+1)--^ 

Observe also that aj G (T^2°(M"^^))* for all j. Now, from these observations, the monotone 
convergence theorem and the Holder inequality, it follows that 



\j\<L 



(T-(M"+i))* 



< 



''K \ \j\<L J 

sup f V |Aj||aj(a;,%(x,t)| 



II^IIt°°(ir"+1)-^ 
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sup Yl U 



x,t)g{x,t)\ 



dxdt 



IIt°o(r"+1)^-' \j\>L 



"T°°(lR"+l)-^b1>L 



as L — )• oo. Thus, the series in (4.1) converges in (r^(M!|:+^))*, which further imphes that 



/ G r^(M++^) and 



This finishes the proof of Lemma 4.1. □ 

Lemma 4.2. Lei oj satisfy the assumption (c). Then (tL(R!J:+^))* = r^(M!J:+^) wa the 
pairing 

{f,g)= f f{x,t)gix,t) 



dx dt 



"■oo/Tran+lx 



/or all f e T^iRl-^') and geT^ 

Proof. The facts that (r^(R!^+^))* = T^{Rl+^) (see [22]) and T^iRl^^) C T^{M.l^^) 

imply that {f^{Rl+^))* C r~(M'^+^). 

Conversely, let g G Tj2°(M"^^). Then for any / G Ttj(M"^^), choose a sequence T^^-atoms 
{aj}j and {Xj}j G such that / = ■ Ajaj, where the series converges in (T^{M'^^))* 



and < 



Thus, by the Holder inequality, we obtain 



dx dt 



\{f,9)\ <El^il / Wji^M^,t)\ 



which implies that g G (rtj(R""^''^))*, and thus, completes the proof of Lemma 4.2. □ 

Recall that r^c(R!|l+^) denotes the set of all functions in r~(R!^+^) with compact 
support. 

Lemma 4.3. Let uj satisfy the assumption (c). If f ^ r^(M!^+^), then 



(4.3) 



sup 

)> ll^ll7-oo^„»^+l^<l I 



f{x,t)g{x,t)-^^ 



Proof Let / G ra,(R"+^). By Lemma 4.2, we obtain 



/ f{x,t)g{x,t) 



dx dt 
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For any P > 0, there exists g G T^(MJ^^) with IbH^^oo^Kn+i) < 1 such that 



/ f{x,t)g{x,t) 



dx dt 



> " ' 'I7L(m:^+1) - 2 



Notice here fg G L^(R"+^). Let Ok = {{x,t) : \x\ < k,l/k < t < k}. Then there exists 



k eN such that 



f{x,t)g{x,t)xOk {x,t) 



dx dt 



> 



Obviously, gxOk ^ ^c?c(^+^^)- Thus, (4.3) holds, which completes the proof of Lemma 
4.3. ' □ 

The following lemma is a slight modification of [7, Lemma 4.2]; see also [25, 28]. We 
omit the details here. 

Lemma 4.4. Let uj satisfy the assumption (c). Suppose that {fk}^=i is a bounded family 
of functions in r^(M"^"'^). Then there exist f G and a subsequence {fkj}j such 

that for all g G r~c(M++^), 



lim / fkAx,t)g{x,t) 



dx dt 



f{x,t)g{x,t) 



dxdt 



Theorem 4.2. Let uj satisfy the assumption (c). Then {T^^{R^^))* , the dual space of 
the space T^^{^^^) , coincides with T^{^J!^^) in the following sense: 

(i) For any g G r^,(R"''"''^), define the linear functional I by setting, for all f G 
T„~(I5!f+"), 

(4.4) 

Then there exists a positive constant C, independent of g, such that 



l(T- (R"+^)) 



(a) Conversely, for any i G (r^y(M"+^))*, there exists g E T^^ 



such that (4.4) 

holds for all f G T^y(MJ^^) and \\g\\f (k^+I) ^ C'||^||^yoo (]r"+1))*; where C is independent 
oft. 

Proof By Lemma 4.2, we obtain (f^(IR!;:+^))* = TJf (IR!;:+^) D r~^(M!f.+^), which further 

implies that f^K^^) C {f^K'''))** ^ (T^viK"^))*- 

Conversely, let £ G (r~^(]R!J.+^))*. Notice that for any / G Tl^{M.1+'^), we may assume 
that supp/ C K, where if is a compact set in M?"*"^- Then we have 



roo(K«+l) < C{K)\\f \\j,2^ 
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Thus, £ induces a bounded linear functional on r|p(if). Let be as in the proof of 
Lemma 4.3. By the Riesz theorem, there exists a unique gh G L^{Ok) such that for all 

£{/)= [ f{x,t)g,{x,t)^. 

Obviously, gk+iXO^ = 9k for all k e N. Let g = gixoi + Y.k=2 9kXOk\Ou-i- Then g e 
L]^^ {Rl+^) and for any / G T^^{Rl+^), we have 



i{f)= f ^f{y,t)g{y,t) 



dydt 



Set gk = gxOk- Then for each keN, obviously, we have gk G r|^,(M!J.+^) C r^(M![+^) C 
tL(R!^+^). Then by Lemma 4.3, we have 

f{x, t)g{x, t)xOk (a;, *) -^^^ 



sup 

sup WX0k)\ 
/eT-,(ffi!^+i),||/||^_j,(,„+ij<i 



< sup fII(T^^(R";+1))*II/IIt^°(R":+1) - ll^ll(T^°^(K"+i))*- 

J?*— T^rv-i /'■miTl-|-l\ II j?ll ' ~r "T ' ~r 



/eT-,(ffi!^+i), 11/11 +1 <i 



Thus, by Lemma 4.4, there exists g G rj^;(M"''~^) and {gk }j C {^felfc such that for all 

/ G r~ (m;+1), 

/" \~ / . dxdt f c?xc?t 

Imi / f{x,t)gkj{x,t)——= f{x,t)g{x,t)——. 

On the other hand, notice that for sufficient large kj, we have 



„, f „/ X . ^ dxdt f ^ dxdt f „, , dxdt 

£{f)= f{x,t)g{x,t)——= f{x,t)gk,{x,t)——= f{x,t)g{x,t) 



which implies that g = g almost everywhere, hence g G T^iW^^). By a density argument, 
we know that (4.4) also holds for g and all / G T^^{Rl+^). □ 

4.2 Dual spaces of VMOp,l(R") 

In this subsection, we identify the dual space of VMOp, l* {^^) ■ 

Now, let Ll{M.'^~^^) denote the set of L2(M"+^) functions with compact support. Then 
for ah / G define TrL,s,si by setting, for ah x G R"", 

f°° dt 

(4.5) T^L,s,si{f){x)^Cm,s,s^ Qs,t^ (I - Ps,,t^)if {■ ,t))ix) — , 

Jo 
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where Cm,s,si is the same as in (3.2). Prom (2.4), it is easy to deduce that TrL,s,si is well 
defined on L^(M""'"^); indeed, by the Holder inequality, for any / G Ll{W^^), we have 

The following notion of molecules is introduced in [22]; sec also [1, 30]. 

Definition 4.2. Let uj satisfy the assumption (c) and s > si> [^( -^^^^ ~ 1)J • ^ function 
a on M" is called an {co, s, si) -molecule if there exists a T^(Er;^^)-atom a such that for all 

f°° dt 
a{x) = TrL,s,si{a)ix) = Cm,s,si / Qs,f^{I - Psi,t'")(a(-, t)){x) — . 

Jo * 

The following result is essentially Theorem 4.3 and Theorem 4.6 in [22]. 

Theorem 4.3. Let uj satisfy the assumption (c) and s > si > [^( ~^|^^ — 1)J. Then for 
all f G LLi^^L^W^), there exist a family {ak}k of {co, s, si) -molecules and {Xk}k C C such 
that f = J2k^k<^k, where the series converges in Hi^^i,{W^). Furthermore, if define 

Hihoikjk) = inf |A({/^feafe}fc)|, 

where the infimum is taken over all possible Ti^{MJ^'^^)- atoms {0^}^ and {nk}k C C such 
that J2k l^k'^L,s,si{cik) = ^k^kOik H^^l(W"-), then there exists a positive constant C 
independent of f such that A{{Xkak}k) < C\\f\\H^^L{T&^)- 

Conversely, suppose that {ak}k is a family of {cj, s, si) -molecules and {Xk}k C C such 
that A({Afeafe}fe) < 00 with ak = T^L,s,si{0'k) for all k. Then Y^f. XkOtk € H^^i,{W^) with 



< CK{{Xkak}k), 



k 

where C is a positive constant independent of {Xk}k O'f'd {ak}k- 

Let us now introduce the Banach completion of the space i?a;,L(M"). 

Definition 4.3. Let the assumptions (a), (b) and (c) hold and s > si > Lm^poW ~ 
The space B^^^(W^) is defined to be the set of all f = J2j where the series converges 

in (BMOp,L*(k"))*, {Xjjj G and{aj}j are {uj,s,si) -molecules. Iff G B^^l{W), define 



= inf|5^|A,|}, 



J 

where the infimum is taken over all the possible decompositions of f as above. 

By [20, Lemma 3.1] again, we see that B^'^(M'*) is a Banach space. Similarly to the 
proof of Lemma 4.1, we have the following embedding of H^j^lCR"^) into S*'2(R'*). We 
omit the details here. 
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Lemma 4.5. Let the assumptions (a), (b) and (c) hold and s > si > [^( -^^^^^ — 1)J. 
Then there exists a positive constant C such that for all f G H^^l{^"), f € and 

II/IIb^'"^i(M") ^ c'II/IU„.l{K")- 

As a corollary of Lemma 4.5, we have the following basic properties of the space 

Proposition 4.1. Let the assumptions (a), (b) and (c) hold and s> si> Lm( poM ~ ' 
Then 

(i) The space i?"t^,L(M") is dense in Bl;2{W). 

(ii) For any s > si > [^{^^ - 1)J, the spaces Bl;2{W) and sJJ(M") coincide with 
equivalent norms. 

Proof. By Lemma 4.5, we have H^^l{^^) C B^^l{R^). On the other hand, notice that 
the set of all finite linear combinations of [u, s, si)-molecules is included in Hijj^l(W^) and 
is also dense in B^'^j^ (W^) . Thus, (i) holds. 

To prove (ii), for any / G B^^^{W''), by Definition 4.3, there exist (a;, s, si)— molecules 
{aj}j and {Xj}j G £^ such that / = J2j ^j'^ji where the series converges in (BMOp,L(M"))*, 
and \Xj\ < ||/||B^.n(un). By Theorem 4.3, we have aj G H^,l{^'^) and ||Q;j|U<,_^(Rn) < 1, 

which together with Lemma 4.5 implies that aj G B^^^ (M") and 

Then by Definition 4.3 again, there exists (w, s, si)— molecules {aj^k}k and {Xj^k}k £ 
such that Uj = Xj^kCtj^k, where the series converges in (BMOp^L(M"'))* and \Xj,k\ ^ 
1. Thus, finally, we obtain that 

3 j K k ) 

which holds in (BMOp,L(R'*))* and 

j K k J j 

Thus, B^J^iR"-) C Bf|'^'(M"). By symmetry, we also have ^^'^^(R") C B^^l{W), which 
completes the proof of Proposition 4.1. □ 

Proposition 4.1 (ii) implies that the space i?^'^(R") with s, si as in Definition 4.3 is 
independent of the choices of s and si. Based on this, from now on, for any s > si > 
l-m( poM ~ "'"''-I' ^® denote the space i?^'^^(M") simply by i?aj,L(M"). Also, by Proposition 
4.1 (i), we call the space ^[^^^(R") the Banach completion of the Orlicz-Hardy space 
Huj.lO^'^)- sec also Definition 4.1 and its following remarks. 

The proof of the following lemma is similar to that of Lemma 4.2. We omit the details. 
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Lemma 4.6. Let the assumptions (a), (b) and (c) hold. Then (B^;^l(R"'))* coincides with 
BMOp^L* (IK"') in the following sense: 

(i) For any g G BMOp^L*(M"), the linear functional £, which is initially defined on 

n L2(M") by Setting, for all f G n L'^{W), 

(4.6) e{f)= [ f{x)g{x)dx, 

has a unique extension to B^^l{W^) with ^(m^))* < C'll^HeMOp i,*(M")) where C is a 

positive constant independent of g. 

(ii) Conversely, for any i e (S;^,l(R"))*, there exists g G BMOp,L*(IK") such that (4.6) 
holds for all f G 5^,l(M") n L'^{W) and ||5||bmo,,^*(M") < C-ll^ll (B„,i(R"))*; where C is 
independent of i. 

Lemma 4.7. Let oj satisfy the assumption (c). Then r|,,(R"'*"''') is dense in T^{MJ^^). 

Proof. Since r[^(]R![:"'"^) is dense in T^(M""^^), to prove the lemma, it suffices to prove that 
TlcOK'^^) is dense in T^{M.1+^) in the norm || • \\f^(j^n+iy 

For any g G T^j(]R"'''^), let g^ = gxOu^ where is the same as in the proof of Lemma 
4.3. Then g^ G T|^(M"''~^). By the dominated convergence theorem and the continuity of 
u, we have that for any A > 0, 

k^oo J^n \ A J J^n k^oo \ A J 

which implies that limfc-^cc \\9 — 9k\\T^(M"+^) ~ ^- Then, by Lemma 4.1, we have 

Wg - ffellf„(R!^+i) ~ llf ~ 5'fcllT^,(R:^+i) ~^ 0' 

as k ^ oo, which completes the proof of Lemma 4.7. □ 

Lemma 4.8. Let the assumptions (a), (b) and (c) hold and s >s\> [^( -^^^^ — 1)J . Then 

the operator TrL,s,si, initially defined on L^(M"'^^), extends to a bounded linear operator: 

(i) from T^{Wl+^) to LP(M"), if p e (l,oo); or 

(ii) from T^{W^^) to i?^,L(M"); or 
(Hi) from fU^l+^) to B^,l(M"). 

Proof, (i) was established in [30] and (ii) was established in [22]. Let us now prove (iii). 

Let / G r|,(M!^+i). Since r|,(M!^+i) C T^Rl+'j, by (ii), we have 7rL,sMf) ^ 
Hu,,l{^'') C B'j'liW). Moreover, since r^(M!f.+^) C r^(R!^+^), by Definition 4.1, there 
exist Ttj(R""'""^)-atoms {aj}j and {\j}j C C such that / = XjQj, where the series con- 
verges in (r-(R!^+i))*, and |A,I < ll/llf^R^+i)- Thus, for any g G BMO,,l^{R^), by 
Theorem 3.1, we obtain 



{T^L,s,s,{f),9) = / ^fix,t)Qlt,.{I-P:^^,m){g){x) 



dx dt 
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j 

which imphes that T^L,s,si{f) = •^j7''L,s,si(«j) holds in (BMOp,L*(M"'))* and hence, 
||7rL,s,si(/)||B^.n(]Rn) < X^l-^ji ~ ll/ll7L(M!;:+i)- 

3 

Since by Lemma 4.7, T^^(W!y^'^) is dense in T^(R^'^), we then obtain (iii) by a density 
argument, and thus complete the proof of Lemma 4.8. □ 

We also define the operator ttl by setting, for all / G L^(M""^^) and x G M", 

TTL{f){x)^Cm Qtrr^{f{;mx)-, 

Jo 

where Cm = ^tn. Similarly to (4.5), from (2.4), it is easy to deduce that the operator ttl 
is well defined. 

Lemma 4.9. Let the assumptions (a), (b) and (c) hold. Then the operator ttl, initially 
defined on L^(M""'"^), extends to a bounded linear operator: 

(i) from T^{W\^^) to LP(M"), if p ^ (l,oo); or 

(ii) from T^^{^1+^) to VMOp,L(R"). 

Proof, (i) was established in [17, Lemma 4.3]. To prove (ii), let s\ > Lm^poW " 
s > 2si, e e {nl3i{p),e{L)) and e = (e - n^i(/9))/2. Suppose that / G r^^(M!J:+^). To see 
vrL(/) G VMOp,L(M"), by Theorem 3.2, it suffices to show that Qs,t"'{I - P2si,t"')T^L{f) € 
T~^(M![+^). We first show that for any bah B, 

(4.7) p^\B\)\B\yA JB " P2sut-Mf){x)\'-^j <Y,2-'^CT,{f,B), 

where 

1 / /" dxdt \ ^^'^ 

- |2.5|V2,(|2^5|) U-^s l^^^'^^l'^J • 

Once (4.7) is proved, then by an argument similar to that used in the proof of Theorem 3.2 
(see the proof of (3.4)), we obtain that Qs,t^{I - P2si,t^)i^L{f) € T^y(^X^^) and hence, 
7rL(/) G VMOp,L(IR"). 

To prove (4.7), let /i = fx^ and /2 = /X(4g)C- Then 
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For the term Ii, by (2.4) and (i) with p = 2, we obtain 

Ii < hL{h)\\mm) < ||/i||:r|(M;+i) ~ m^/^p{\2B\)a2{f,B). 
To estimate I2, write 

Jo ^ 
du 

^ / *i,.(L)(/2)(x) — . 
JO ^ 

It follows from (2.8) that ipt,u-, the kernel of ^t,v{L), satisfies that for all x, y G M", 



< 



< 



n+e ' 



Moreover, for A; > 2 and (x, u) G 2^+^B\2^B, we have t + v+\x — y\ By this and 

the Holder inequality, we deduce that 



^\A^{x,y)\\f{y,u)\^ 

B IJ2''+^B\2'=B ^ . 



dxdt \ 



1/2 



00 
k=2 



2^+is\2'=s (i + + |x - y\) 



n+e 



l/(y,^)l 



dydu 



dxdt \ 



1/2 



< 



< 



00 



.2e 



2fc+iB\2'=B ^ . 



j.2e-2e 



1/2 



{2^rB)-''-'\2'B\'/^p{\2^B\)ak{f,B) 



k^\n+2e n+2e-2e 
IB ' R 



1/2 



(2VB)-"/'-^2'="/'i('')p(|i?|)afe(/,S) 



fe=2 

00 



< 



2-^(^-'*''i(''))/V(|S|)|S|l/V;i(/, 5). 



fe=2 



Thus, (4.7) is proved, which completes the proof of Lemma 4.9. 



□ 



Lemma 4.10. Let the assumptions (a), (h) and (c) hold and p he as in (2.10). Then 
VMOp,L(M") n L2(M") is dense in VMOp,L(M"). 

Proof. Let si > [^{^^ - 1)J and s > 2si. Notice that for any / G L2(M"), we have 

f°° dt 

f = 7rL,s,2si(/) = Cra,s,2si / Qs,t"^{I — P2si,t"^)Qt"^ f —T 

JO 
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in L^(M"), where Cm,s,2si is as in (3.2). 

Let g G VMOp,L(R"). For any / G i?a;,L*(M") n L^{W), by Lemma 3.1, we have 

f f dxdt 

Since g G VMOp,L(M'*), by Theorem 3.2, we know that Qs^f^il - P2s^,t^)g G T^yi^X"^)- 
Let Ok be as in the proof of Lemma 4.3, h = Qs,pn{I — P2si,t^)9 and = XOkh for each 
A; G N. Then % G T~^(M!|:+^) = r|_^(R!|:+^) and j|% - h\\j,^(^^n+i^ ^ 0, as A; ^ oo. Thus, 

by Lemma 4.9, we have that TTL{hk) G VMOp,L(M") n L2(M") and 
(4-8) hdh - /ife)||BMO^,i(R") ^ ll(^ - /ifc)llr-(i;!;+i) ^ 0, 

as A; — >■ oo. Then by the dominated convergence theorem, we further have 

dx dt 



/ f{x)g{x)dx = Cm,s,2si I Qtmf{x)h{x,t) 



t 

dx dt 



t 

. dxdt 



= C'm,s,2si lim / Qtmf{x)hk{x,t) 

= C'm,s,2si lim / f{x) / Qtm{hk){x 
= %^ hm (/,7r^(/.,)) = %^(/,7r^(/.)). 
Since H^^l*{W^) n L^(M"') is dense in the space i?a;,L*(M"), we then obtain that 

9 = TTlI/i) = T^L{Qs,tr^{I - P2si,tr-)g) 

in VMOp^l(IR"'). Let g^ = — jj^— ^vr/,(/ife)- Then by Lemma 4.9 again, we have that 
gk G VMOp,L(M") n L2(M") and" by (4.8), \\g - 5fc||BMO,,^(R") ^ 0, as ^ oo, which 
completes the proof of Lemma 4.10. □ 

The fohowing is the main result of this paper. Recall that by Definition 3.1, 

VMOp,L*(R") C BMOp,L.(M'^). 

The symbol (■, ■) in the following theorem means the duality between BMOp^^,* (R") and 
the space Bi^^l{W^) in the sense of Lemma 4.6. 

Theorem 4.4. Let the assumptions (a), (h) and (c) hold. Then (VMOp,L* (R"))* = 

Puj,l(M'^) in the following sense: 

(i) For any g G B^^^i^^), define the linear functional £ by setting, for all f G 
VMOp,L.(R"), 

(4.9) e{f)^{f,9). 
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Then there exists a positive constant C, independent of g, such that ||-^||(vMOp < 

(ii) Conversely, for any I e (VMOp, l* (IR"))*, there exists g G B(^,i(M") such that (4.9) 
holds and there exists a positive constant C, independent of I, such that H^Hs^, ^(R") ^ 
C||^ll(VMOp,i.(R"))*- 

Proof Since VMOp, l* (M") C BMOp,L* (M"), from Lemma 4.6, it is easy to see that 

5c.,l(M") C (VMOp'l.(M"))*. 

Conversely, let si > [^(p^J^ - 1)J, s > 2si and I G (VMOp,L.(]R"))*. For any 
/ G VMOp,L*(M") n L2(M"), by Theorem 3.2, we have Q*,tm(/ - Plsi.t-)/ ^ r~^(M'^+^). 
On the other hand, from Lemma 4.8, it follows that £ o ttl* G (r^^(M!^+^))*. By this 



together with Theorem 4.2, we obtain that there exists g G 7^(M!f:^^) such that 

= / Q:,t™(/-pi„t™)/(^)3(^,t)- 



dt 



t 



Since 5 G T^^{U^ ), there exist T^^-atoms {aj}j and {A}j C C such that g = ^jXjOj, 
where the series converges in (T^ (K^-^))* , and \Xj\ < \\g\\f (^n+iy For each k E N, 

let gk = Ei=i ^jfli- Then gt G T|(M!;:+^) nT^(M++^). Moreover, by Lemma 4.8, we obtain 
that TrL,s,2sA9) e B^,l{^")^ T^L,s,2sA9k) G 5c.,l(M") n L2(M") and 

\\'^L,s,2sA9) - 7I"L,s,2si(5fe)l|B<^,z,(lR") ~ llf ~ f fe ll7L(M»+i) ^ 0> 

as A; — > 00. Thus, by the dominated convergence theorem, we further obtain that 

dxdt 



£{f) = %^ / QIMI-P2s,,trr^)m9{x,t) 



lim / f{x)T^L,s,2sA9k){x)dx \Ym{f,'KL,s,2sA9k)) 
>oo J]gn fc— >-oo 

~ X]^i^-^''^^'«'2si(aj)) ~ {f,T^L,s,2si{9))- 
j 

Then a density argument via Lemma 4.10 completes the proof of Theorem 4.4. □ 

Remark 4.1. By Proposition 4.1 (ii), we know that for any s > Si > Lm(polw) ~ 
Bcj,l{^"') = B^'l{W). Thus, by Lemma 4.6, (4.9) can be further understood as 

e{f)^{f,g)=Y,^j [ f{x)a,{x)dx, 

7R" 

3 

where {cij}j is a sequence of (w, s, si)-molecules and G such that g = Ylj 

where the series converges in (BMO^^l* (R"))*, and X^j|Aj| ^ \\g\\B^ see also [7, 

Theorem Bl. 
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4.3 Several examples of operators satisfying Assumptions (a) and (b) 

Let us now give several examples of operators satisfying Assumptions (a) and (b) of 
this paper, and hence, all results of this paper are applicable to these operators. 

(i) A typical example of the operator L satisfying Assumption (a) with 9{L) = oo is 
that the kernels {pt}t>o of {e~*^}t>o satisfy a Gaussian upper bound, namely, there exists 
a positive constant C such that for all x, y G M" and t > 0, 

C \x-y\^ 

bt(x,j/)|<^e t . 

Obviously, if L is the Laplacian operator A, then the heat kernels satisfy the Gaussian 
upper bound. 

Recall that the Neumann Laplacian An, the Dirichlet Laplacian Ajj and the Dirichlet- 
Neumann Laplacian A/jjv on are extended from the corresponding operators on half 
plains; see [10, Section 2.2] for details. It was further shown in [10] that if L is one of 
Ajv, Ajj and A^n, then heat kernels of {e~*^}t>o satisfy a Gaussian upper bound, which 
implies that these operators also satisfy Assumption (a). 

Notice that the operators A, A]v, A/j and A/jtv arc sclf-adjoint operators; hence each 
of them has a bounded i?oo-calculus in L^(M"^) and, therefore, satisfies Assumption (b); 
see [23]. 

(ii) Let A = {aij{x)}i^i<n,i<j<n be an n x n matrix with entries G L°°(M",C) 
satisfying that for certain A > 0, ^e{Y17j=i'^iji^)^i^j) — -^I^P x G M" and ^ = 
(^1)^2) • • • € C**. Define a divergence form operator 

Lf = -div(^V/), 

which is interpreted in the usual weak sense via a scsquilincar form. Notice that the 
Gaussian bound of the heat kernels of {e^*'^}t>o truly holds when A has real entries, or 
when n = 1,2 in the case of complex entries. Moreover, it is well known that L admits 
a bounded i^co-calculus in L^(M") (see, for example, [4]). Thus, L satisfies Assumptions 
(a) and (b). 

(iii) Let V G L (M") be a nonnegative function. The Schrodinger operator with 
potential V is defined by L = A + F on R", where n > 3 and A = -Ei=i(a|-)^ is 
the Laplace operator. Prom the Trotter-Kato prodiict formula, it follows that the kernels 
{Pt}t>o of the semigroup {e~^^}t>o satisfy the estimate that for all x, y eW^ and t > 0, 

From this, it easy to see that L satisfies Assumptions (a) and (b). However, unless V 
satisfies additional conditions, the heat kernel can be a discontinuous function of the 
space variables and the Holder continuous estimates may fail to hold; see [9]. 

Acknowledgements. The authors would like to thank the referee very much for his 
carefully reading and several valuable remarks which made this article more readable. 
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